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ON THE CALCULATION OF LIMIT AND
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Abstract—Numerical methods for the computation of singular points of nonlinear equations
G(u, A, p) = Oare discussed, where A and p are real parameters. Simple and double limit points
are treated in some detail and numerical algorithms are presented and applied to elastic shell
stability problems. The case of simple symmetry breaking bifurcation points is also treated with

applications to nonsymmetric bifurcation from axisymmetric states of deformation of shells of
revolution.

1. INTRODUCTION

The numerical analysis of singular points of nonlinear functional equations has been
the subject of a series of recent contributions in the literature. It is the purpose of this
paper to present some selected results in a form directly applicable to the calculation
of limit and bifurcation points, with particular application to stability problems of elastic
shells. This amounts to giving a more detailed analysis of some of the methods and to
supplement them appropriately, in order to convert some theoretical results of singular
point theory into numerical algorithms that work.

The mathematical theory of limit and bifurcation points is usually developed in an
abstract functional analysis setting. But numerical analysts have found that many the-
oretical results are directly applicable to the computation of certain simple types of
singular points and of branches of solutions emanating from bifurcation points. For-
merly, numerical stability analyses often gave unreliable and inaccurate answers be-
cause of the numerical difficulties encountered near singular points. We wish to show
that these difficulties can be overcome by making appropriate use of recent results of
singularity theory. The price to be paid is that so-called ‘*extended systems’’ of equa-
tions have to be solved numerically, which can be done quite efficiently using standard
computer software, as will be shown in what follows.

2. EXAMPLE: BUCKLING OF SPHERICAL SHELLS

It is well known in the theory of stability of elastic shells that basically two types
of instabilities may occur: limit points, usually connected with snap-through phenom-
ena, and bifurcation points. Both types can be illustrated by the problem of a shallow
spherical shell under uniform pressure p, with w = 2(H/h)/12(1 — 1?) describing the
shell geometry {1]. Let v be the deformed volume and consider axisymmetric defor-
mations. Then we have a nonlinear monotone load-deflection curve for p < o, and
an s-shaped curve with two limit (turning) points for p > po. In Fig. 1, the points A
and B are examples of ‘‘simple’’ limit points. At the transition between the two types
of p—v-curves, we find a ‘‘double’’ limit point C at p = po.

The bifurcation type instability occurs, for instance, if new branches of nonsym-
metric normal deflections of the form w,(r) cos n0, n = 1, 2, . . . take off from the
axisymmetric p-v-relation at certain critical values p,. The points D, E in Fig. | are
*‘simple’’ bifurcation points while F is a ‘*double’’ bifurcation point, where two non-
symmetric branches intersect the ‘‘primary branch’’ at the load pf.

t Dedicated to my teacher and friend Eric Reissner, who has had a decisive influence on my work, on
the occasion of his seventieth anniversary.

+ Work supported in part by NSERC of Canada Operating Grant No. A9259 at The University of British
Columbia, Vancouver, B.C., Canada.

§ Present address: Mathematics Department, The University of British Columbia, 1984 Mathematics
Road, Vancouver, B.C., Canada V6T 1Y4.

79



80 H. J. WEINITSCHKE

P
u<
H=Ho
C
pC T————- o’
8\ E RN 4y ASuEEE—— A B>Ho
D - B
R R A n=2
E n=5
E =
% j 4
n=3

v

Fig. 1. Load deflection diagram for a shallow spherical shell under uniform pressure: axisym-
metric limit points A, B, C (snap buckling) and symmetry breaking bifurcation buckling.

A nonlinear boundary value problem must be solved in order to find a point on the
axisymmetric p-v-curve of Fig. 1. This can be done by the standard Newton method,
provided the solutions are isolated, which is a basic requirement for any numerical
algorithm. However, at a limit point the solution is no longer isolated, hence numerical
difficulties must be expected. In order to locate a limit point with some accuracy by
interpolation, a large number of closely spaced points on the p-v-curve should be
computed, which is both costly and difficult because of the near singularity of the
boundary value problem near a limit point (see Fig. 2).

Similarly, nonsymmetric bifurcation points can be found by interpolation, if suffi-
ciently many points are computed near the critical loads p, [2]. These procedures of
indirect calculation of limit and bifurcation points are unsatisfactory, they involve a
good deal of trial and error strategy, and they yield little information on the accuracy,
in particular in the case of limit points.

3. THE COMPUTATION OF SIMPLE LIMIT POINTS

The essence of the more recent approach to compute singular points directly and
accurately consists in deriving from the given equations a new system of equations
called the extended system whose solution at the limit or bifurcation point is isolated.

limit point

bifurcation point

v

Fig. 2. Indirect approximate calculation of limit and bifurcation points by interpolation.
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The Newton method is then applicable, provided that close enough starting values for
the iteration for the extended system are found. The latter point is usually not ade-
quately treated in papers on numerical methods. However, in the present context it is
crucial to devise methods that will produce appropriate starting values.

We begin with some formal definitions and known results from bifurcation theory,
employing standard notation (see [3-7]). The basic equations and boundary conditions
are denoted by G(u, \) = 0, where G is a nonlinear mapping G:®B X R— B, B a
Banach space. The solution set is

={(u, )| Gu,\) =0, u€®B, A€ER}

Assuming that all Fréchet derivatives G,,, Gx, G, . . . of G are continuous, and de-
noting by (v, u) the dual pairing between elements « € B and v € B’ (B’ = dual space
of @), we have _ _

Definition 1. (@, \) is called a regular point of S if G7'(&, A) exists, otherwise it
is called a singular (exceptional) point.

Definition 2. A singular point (4o, Ao) € Sg is called a limit (turning) point with
respect to A, if

(@) dim Ker G, (uo, ho) = 1, Ker G, = {ado | a € R},

(b) codim Range G,,(Il(), )\()) = ], Range G,, = {U I (lll(), ‘U) = 0},

(¢) Galua, ho) ¢ Range G, (1o, No),
where o € B, by # 0 and Yy € B’, Yo # 0. Condition (b) implies G,.(io, No)'bo = 0,
where L' is the adjoint of a linear operator L:® — . If (@, A\) is regular, & = 0 is the
only solution of G, (ue, Ao)h = 0, otherwise a nontrivial solution 4 # 0 exists. It is
condition (c) that distinguishes a limit point from a bifurcation point.

It is well known that near a limit point (uo, Ao) S may be represented by u(s), A(s),
for | s — so| =8, s real, such that

u(so) = uo, Aso) = Ao, IX(S)I + [l i(s) || >0
i(so) = do, AMso) =0, u(s) = sbo + v(s),

where v € Vgand B = Ker G, (1o, M) @ V.

Definition 3. A limit point (uy, Ao) € Sg is called simple if A(so) # 0, otherwise it
is nonsimple; if A(so) = 0, X(so) # 0, (io, Ao) is called a double limit point.
We now introduce the extended system of G(«, A) = 0 at a limit point by

(H

Gu,\) =0)]
G.(u, Mh = 0% Gu, hy\) = 0 2)
I(h) =1

! is a functional with the properties /(0) = 0, and [(h) # 0 implying h # 0. If [ is linear,
we have I(h) = (I, h), | € B’'. .

The significance of G = 0 is that calculation of G,,, with v : = (u, h, N), shows that
(a)—(c) of Definition 2, together with eqn (1) and the condition A(s0) # 0 imply that
G ! exists, and hence G(u, h, \) = 0 has isolated solutions. In recent papers, Moore,
Spence and Werner [8, 9] proved that the converse also holds. Thus one has

THEOREM A. (uo, Ao) € S¢; is a simple limit point if and only if
Ker G.(uo, do, o) = {0}, Range G.(uo, o, ho) = B X B X R.
The explicit computation of G, yields

. Gw + Gl w
Guluo, do, No)P = | Go.hw + Gk + Ghhpn), ® = |k (3)
(1, kb 1)
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where a superscript 0 indicates evaluation at (4o, Ao), that is, G2 = G, (us. o), etc. In

classical notation w, k, w arc the variations dn, 84, 8\, respectively. Furthermore, we
have from [8]:

THEOREM B. If (4o, No) € Sg is a nonsimple limit point, then dim Ker G% = | =
codim Range 9, and

Ker Gu(“O’ dbo, Ao) = {ady | o€ %}, Dy = (o, u1, 0)
Gglh = ‘Ggu‘bo‘bo, (1, ul) = 0

This theorem implies that eqn (2) is not a suitable system for computing double limit
points. This case will be discussed in the next section. For simple limit points, Theorem
A implies that eqn (2) can be solved by Newton’s method.

In applications, one usually computes a sequence of solutions of G(u, \) = O on a
branch C, of S where one expects to find limit points. Suppose (&, A) is a regular
point on C, close to a simple limit point (4o, Ao). In order to switch from solving G(u,
A) = 0 to solving the extended system G(u, 4, \) = 0, we need a starting value h for
h in order to apply Newton’s method to G(u, h,A\) = 0, while « = @and A = \ may
serve as starting values for « and A, respectively. A should satisfy the last two equations
of (2) approximately. The method proposed here [10] is to introduce an inhomogeneity
c* € B with ¢* # 0. Then the equation

G, (G, Nh* = ¢* (4)

has a unique solution A* # 0. Now set i : = ah*, a € R, and determine a from /(hy)
= l(ah*) = 1. It follows that A, satisfies

G, Nhy = ¢, l(hy) = 1, with ¢ = ac* (5)

and we have ¢ — 0 as A — \o. The problem (4) is linear and is solved together with
G(u, \) = 0. As soon as || ¢ || in eqn (5) decreases significantly along C,, a singular
point is approached and we then switch to solving eqn (2), taking @, A, A as starting
values for the Newton iteration. The method is simple and generally applicable.

A different method for computing starting values has been proposed in [11]. How-
ever, it is restricted to the case where G represents a boundary value problem for
ordinary differential equations (see the discussion in [12]).

Remark. The condition that the equation for «; in Theorem B is solvable can be
written as (Yiy, G, dode) = 0. Thus one has the following characterization of simple
limit points

(Vo, Guultto, No)bodo) # 0,

often taken as definition in the literature.

4. THE COMPUTATION OF DOUBLE LIMIT POINTS

Like in the spherical shell problem (Section 2), we now consider a nonlinear equation
depending on two real parameters. Keeping the same notation as in the preceding
section, we write G(u, A\, p) = 0, where G: B x ® X R — R, For fixed p = |, assume
that G has a limit point with respect to A, that is, (o, No, &) is a limit point in accordance
with Definition 2. Consider the extended system

Gu, N, p)
Gu(u, \, p)h

0
0p Flo,p) =0, v: = (u, h, ). (6)
ihy — 1 0
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Suppose (1o, Mo, po) is @ non simple limit point of G with respect to A, then Theorem
B implies

(@) KerG® = Ker F2 = {a®o|a ER}, PEY =B X B X R

(b’) Range F = {y € Y| (¥, y) = 0} where &y = (do, 1), 0), Vo E Y'.
Hence F,;! does not exist at (v, p) = (vo, Ko), With vy = (o, do, Ao), consequently
(vo, o) must be a singular point of F(v, p) = 0. In order to guarantee that F has a
limit point with respect to p., we assume

(¢') F. ¢ Range F),  F) = F.(vo, p).

The following theorem [8] reduces the computation of a double limit point of G to that
of a simple limit point of F.

THeorem C. Assume that condition (¢’) holds. Then a double limit point (uo, Ao,
po) of G with respect to A corresponds to a simple limit point (vo. po) of F with respect
to .

Thus, in order to compute a doubie limit point of G, we have to solve the extended
system of F(v, u) = 0, that is,

Fw,p) =0 X
Fov,wk =0} F(u, k,p) = 0 v, k€Y ¥))
mk)y—1=20

where m is functional that ensures £ # 0, for instance {m, k), m € Y'. According to
Theorems A and C, F ' exists at (v, p) = (vo, o), Where z : = (v, k, ), implying that
the solutions of F(v, k, p) = 0 are isolated, so that the Newton method is applicable.

It was shown in [12] that egn (7) can be simplified by returning to the original notation.
In fact, a short calculation reduces eqn (7) to

GQu, A, p) = 0, G.u, A\, ph =0,
Gu(“’ }\a }L)W = _Guu(u, k’ P-)hh, (8)
IKh) =1, I'thw = 0,

which is a system of five equations in the five unknowns u, h, w € B and A, p € R.
If (I, h) = 1, one has (I, w) = 0. In 8], the system (7) was solved by a method of false
position. However, in view of Theorem C, we have found it convenient to solve eqn
(8) by the Newton method as in the case of simple limit points. For this we need
sufficiently close starting values for both 4 and w in (8). This can be done precisely as
in the previous section. At a regular point (@, \, &), one first solves G,h = c* as in
eqn (4). The solution ¥ is then scaled to satisfy I(h) = 1, which gives hp and ¢ = ac*
according to eqn (5). With this, w = w* is computed from eqn (8) without the restriction
I'(hw = 0. If (4, \, ) is approaching a double limit point, c — 0 and !'(h)w* — 0.

5. NUMERICAL IMPLEMENTATION:.ODE

A computational procedure will now be described to solve the extended systems for
the case that G(u, \) = 0 stands for a system of ordinary differential equations (ODE)
on a finite interval I = [a, b], with two-point boundary conditions. An example is the
axisymmetric deformation of shells of revolution [13, 14], where « = [f(x), g(x)], f is
a deflection, g a stress function, A is a load parameter and p is a shell curvature
parameter.

Let the boundary value problem (BVP) be formally written as

Lu = Nx,u,\,n), x€I, Bu=0, x=a,b (¢
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where L, B are linear differential operators and N is in general nonlinear in «, A and
p. The extended systems will be formulated in such a way that standard software for
solving ODE-BVPs is directly applicable. A convenient package is COLSYS [15], which
uses spline collocation in conjunction with the Newton method. It also allows for regular
singular points at x = a, b that occur, for instance, in the Reissner shell equations [13,
14].

Consider first simple limit points governed by eqn (2). Taking /(h) = | & ||, we have
from (2), for a fixed .,

Lu = N(x, u, A\, p) Bu =90
Lh = N,(x, u, X, p)h Bh =0 (10)
y' =h"h = ih? ya) =0
N =0 y(b) =1
N, is the matrix (dN//ou;), h = [h(x), . . ., he(X)]. If m is the order of L (m = 2 for

the axisymmetric shell problem), eqns (10) represent a BVP of order 2m + 2 in the
unknowns u, h, y and \. Different choices for /(h) are discussed in [11] and [12}].

In order to obtain starting values for 4, one simply replaces \' = 0 in eqn (10) by
¢’ = 0 and modifies the second equation of (10) to

Lh = N,(x, u, X, ph + ce (an
where e is an arbitrary constant unit vector. The three equations for y(x) then imply
that ¢ satisfies (5).

Turning to the computation of double limit points, the first two equations of eqn (8)
together with I(h) = 1 are identical with eqn (10), except that w is an additional variabie.
The remaining equations of (8) are, for the present case,

Lw = N, (x, u, N, p)w = = Nyulx, u, N, p)h @ h
k
2 =h"w =3 hw, Bw =0 (12)
i=1

p' =0, Aa) = z(b) = 0.

N.. is a third order tensor, that is, the right-hand side of the first equation of (12) reads

N,

(Nllllh ® h)l = 2 udu
(jOy

5

bjifiry i=l,.-.,k.

The extended system (10), (12) for double limit points represents a BVP of order 3m
+ 4 in the unknowns u, h, w, y, z, A and p. It is obvious how to modify the system
to obtain the starting values for # and w.

Remark. 1t has been assumed here, for simplicity, that N is not a differential op-
erator with respect to u. However, all of the above equations can easily be extended
to this case by computing appropriate Fréchet derivatives; an example is given in
Section 9.

6. NUMERICAL IMPLEMENTATION: PDE

Let G(u, A) = 0 denote a system of nonlinear partial differential equations (PDE)
on a finite domain D C R", with linear homogeneous conditions on the boundary 8D
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of D. Again, treating for simplicity a special case, let ¥ = u(x,, . . ., xn) be a scalar
function, and let the BVP be given by

Lu = \Nf(u, p) xeD, Bu =0 x € aD. (13)

L is a linear elliptic operator, f a nonlinear function of « and u, and B a boundary
operator compatible with L. An example treated frequently in the literature is the
thermal ignition problem

Au + MNexplu/(l + p)l =0  x €D, u=0 x€aD.

Both simple and double limit points occur in this problem. The system of shallow shell
PDEs represents another but more complex example of particular interest, for which
we expect {o report results in a sequel to this paper.

The extended system (2) is given by

Lu = \f(u, n) Bu =10
Lh = Nf(u, p)h x€D } Bh=0}x€aD. (14)
IKhy = 1.
Two simple choices of / used in what follows are
1 = [ hav,  10) = ko)  xuED (15)

where x,, is a point sufficiently distant from 4D, for instance the midpoint when D is
symmetric.

In order to solve eqn (14) by Newton's method, let us first determine starting values
for h by solving the linear inhomogeneous BVP

Lh* = Xf u,Dh* x€D, Bi*=c* xe€aD (16)

with a constant ¢* # 0. Here (@, A) is a regular solution, j& remains fixed along the
solution branch in question. The desired starting value 4 is obtained by the scaling
{{ah*) = 1 as in eqn (5). The Newton iteration for eqn (14) is, with 4+ | = u,, + U,,
hosr = hy + Hyy Myt = N, + A, f' 1= [, and suppressing the dependence of f on
B

LU, = MS'w)Un = flugAy = 1y
LH, = MSf'u)H, ~ Nf" Uy — ' (UndheAn = Sn
Foi= A Sfu,) — Lu,, Su := Anf'(us)h, — Lh, (17
BU, = BH, =0 on aD
I(H,) = 0, provided I(h) = 1.

In order to solve the linear system (16) and (17) numerically, D is either replaced by
a grid Fy of N interior mesh points P;, or D is subdivided into N finite elements. In
the former case, all functions u,,, U, etc. are restricted to Fn, and any standard finite-
difference apporximation for L can be used for the terms LU,, LH,. Let z be the
column vector of A*(P;), P, € Fn,i = 1, ..., N, then the discretized eqn (16) can
be written as a linear system Az = r, with a symmetric N X N-matrix A (if L is the
Laplace operator, A is block-tridiagonal). Standard methods and routines for the fast
solution of such systems are available.



86 H. J. WEINITSCHKE
The simple structure of A is, of course, destroyed in the discretized eqn (17), when
written as a linear algebraic system Cz = s, with

zZ:= {Un(Pl)s Hn(P!)9 UN(PZ)’ Hn(P2)9 LI Un(PN)) HR(PN)s An]T~

As before, P, € Fn,i=1,..., N, hence bothz and s are 2N + 1 vectors. The system
Cz = s of eqn (17) then has the following structure [10]

(&5 -0 o

where A is a K x K matrix, K = 2N, a, ¢, r and x are K vectors and B, p and £ are
scalars. The column a represents the coefficients of the unknown &€ = A, the row ¢7
is either the discretized integral eqn (15) or simply the condition H,(x)) = 0 implied
by eqn (15). Matrices as in eqn (18) are known as bordered matrices, there is a well-
known algorithm to solve eqn (18) by merely inverting A. However, A is singular at
the limit point. Although Newton’s method can still be applied, the convergence is no
longer quadratic near the singularity, which has been observed in numerical calculations
for the thermal ignition problem mentioned earlier.

In order to obtain an algorithm that converges quadratically, we first reorder the
variables in the vector z and rewrite eqn (18) in the form

A O a; X1 r
D A a X1 =1r (19}
0 ¢ 0/ \¢ 0

where x] = (Un(P1), . . ., Un(PN)), X3 = (Ha(P1), . . . , Hi(Pn)) and € = A. Here A’
is a banded sparse N X N matrix obtained by discretizing the operator L — \.f'(u,).
If L = A, A’ is a standard block-tridiagonal matrix. The term — \,.f"(u.)4, in eqn (17)
transforms into the diagonal matrix D. Furthermore, we rearrange a, ¢ and r in ac-
cordance with the splitting of x into x; and x,. As A’ is still singular at a limit point,
the algorithm for bordered matrices cannot be applied to eqn (19). Now let A* denote
the (N — 1} x (N — 1) matrix obtained from A’ by cancelling the last (or first) column
u and row v’. Reducing D in the same way, denoting (N — 1) vectors obtained from
a;, etc. by cancelling the last (or first) component by af, etc. and exchanging columns
and rows, we can rewrite egn (19) in the form

A* O w* O af xf rf
D* A* O u* a x3 r}
v 0 a O o |&l=|m (20)
0O v 3 a w & P2
O " 0 v O 3 0]

where

* ¥ * *
(e (@ e (o)

fori = 1,2 and ¢§ = (c37, v). a is the element Ay~ (or A};) of the matrix A’, 3 is the
last (or first) element of D. Note that all starred vectors and O are (N — 1) dimensional.
At simple limit points, A* can be assumed to be nonsingular. In fact, it can be proved
for special second-order equations, but there is a heuristic argument as well as con-
vincing numerical evidence in more general cases.

The matrix of the system (20) may be called a threefold bordered matrix. The al-
gorithm for simply bordered matrices can be generalized to this system as follows.
First solve the subsystems

* 0O\ (p\_ [e . A*
(D* A*) (q) = (f) equivalent to ',

22)

-
|

e
f — D%*e,
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setting the right-hand sides e, f equal to ‘

6 )-()-Gi)- () @

Denote the solutions p and q of eqn (22) by p;, q;and i = 1, 2, 3, 4 in the order of the
sequence eqn (23), and form a 3 x 3 system from the fower right block of the matrix

in eqn (20) and p,, p2, in order to find &, & and ¢ = &;. This system can be reduced
to

(@ - s5)& - s262 + (o1 ~ $3) & = p1 — 54
G-t +t@-nK)e+ (a—-nK)&=p— L (24)
-nmE+Y-m)é - mb = -1
where
si=vTp, =vTq, n=ctTqq i=1,...,4

Finally, the solution x, and x; is obtained from
3 3
Xi =ps— O &P X2 = Qs — O &qu. (25
i=1 =]

Note that, apart from the simple 3 X 3 system eqn (24), the only matrix to be inverted
is A*, which has the same structure as A’, except that it is regular. Hence, a banded
Gaussian elimination routine with partial pivoting can be used to solve the systems in
step (22) and (23) of this algorithm. For large N, this step may also be carried out by
an SOR-iteration or one of the more recent fast linear systems solvers (e.g. multigrid).

The extended system for double limit points can be discretized in much the same
way. According to eqn (8) the only additional equations are G,(u, A, p)w = —G..hh
and 1'(h)w = 0. Hence, in addition to x;, x, and &, we have in the Newton linear
system a vector x3 = (W(P)), ..., W(P)n)) and a scalar y = M,, with p,,; = p,
+ M,. The * operation then leads to a five-fold bordered matrix, where again A* is
the only large matrix to be inverted (for details see [12]).

7. ON THE COMPUTATION OF SIMPLE BIFURCATION POINTS
In this section we consider briefly a different type of singularity of an equation
G@u,\) = 0.
Definition 4. A singular point (uo, Ao) € S is called a simple bifurcation point if
the conditions (a), (b) of Definition 2 are satisfied and if (c) is replaced by

(d) Gx(uo, ho) € Range G, (uo, No),

which can be written equivalently as (g, Ga(uo, Ao)) = 0, with Y as in Definition 2.
In the special case G(0, A\) = 0 for all A € R, a point (0, Ao) on the trivial solution
branch (0, A) that satisfies (a), (b), and (d) is called a primary bifurcation point.

The numerical computation of bifurcation points is generally a much more difficult
problem than the computation of limit points. An extended system similar to eqn (2)
incorporating condition (d) is

Gu,\) =0, G.(u,\)'$ =0
("l’s Gk(us }\» = 0! (ll', k) - l = 0

(26)

where k € & is chosen to scale . This system in the unknowns «, ¥ and A is over-
determined. Special techniques for solving eqn (26) have been developed; some use
the generalized inverse L™ of a linear operator L, others use convex optimization.

In [11], the extended system (2) was used also for computing bifurcation points.
In view of Theorem A, its solutions are not isolated in general. However, there are
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Fig. 3. Simple bifurcation points in the cases A # 0 and A = 0 (pitchfork bifurcation point).

some specific cases for which isolateness can be recovered. One case of particular
interest in elastic stability is treated in Sections 8 and 9. It will be convenient to quote
here a well-known result from bifurcation theory (see, for example [16]).

THEOREM D. Suppose (1o, Ao) is a simple bifurcation point of G(u, A\) = 0, and let
the constants A, B, C be defined by

A= (Yo, Glubodo) B := (Yo, Girdo + Glubowo)
C:= (Yo, G + 2G%hwo + Gl.wowo) 27
solution of G3wo = —GY, (Yo, wo) = 0,

Wo .

then the solutions of G(u, A) = 0 in a neighborhood of (o, Ao) can be written in the
form

u=uy + apo + via,B), A=x + 8, v0,0 =0 (28)

where v is uniquely determined for | a | < ao, | B | = Bo, a0 and By positive, and where
the ‘‘bifurcation equation™

g(a, B) = (d’O) G(uo + (1¢0 + 'U((!, B)’ M + ﬂ)) = 0 (29)

determines the relation between a and . The function g has the properties

20, 0) = g4(0,0) = g5(0,0) = 0
gua((), 0) = A’ gaB(Os 0) = B gBB(O, 0) = C-

Moreover, the solutions near (uo, Ao) consist of two branches which intersect trans-
versely at (1o, Ao) as indicated in Fig. 3. For A # 0 both branches, for A = 0 only one
branch can be parameterized by \. The second branch in the case A = 0 can be
parameterized by (A — \o)"" or £ (Ao — N)'", where r is a positive integer r > 1 (e.g.
r = 2 if ggpa(0, 0) # 0). In terms of A, B and C, eqn (29) can be written as

Ao® + 2Bap + CB? + gi(a,B) =0, g =ol(|a]|+|B|). (30

Omitting the higher order terms represented by g;, solutions of eqn (30) for sufficiently
small a, B are in 1-1 correspondence to the solutions of G(u, A\) = 0 near (g, Ao). We
conclude this section with

Definition 5. A simple bifurcation point (uq, Ao) is called a pitchfork bifurcation
point if A = 0, B # 0 (see Fig. 3).
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8. THE COMPUTATION OF SYMMETRY-BREAKING BIFURCATION POINTS

Some of the numerical difficulties in the computation of bifurcation points disappear
when bifurcating solutions do not inherit the symmetry of a primary solution branch.
Some simple types of symmetry change have been discussed in [16] and [17]). 1t is
assumed there that a symmetry S € L(®, B) has the properties

S#1, §?=1, G@Su,\) =5Gu,\), B=B,®8, 3D

where B, = {u€ER | Su = —u}and B, = {u € B | Su = - u}. In this notation, symmetry
breaking bifurcation is defined as follows.

Definition 6. A simple bifurcation point (49, Ao) is called symmetry breaking if uo
€ B, and ¢, € B,, where ¢y € Ker G, ¢o # 0.

For the computation of symmetry-breaking bifurcation points, we make use of the
following basic theorem, proved in [17] for the above symmetry §.

THeOREM E. Let (4o, o) be a simple symmetry-breaking bifurcation point with u,
€ B, and ¢¢ € B,. Then A = 0 is satisfied. Hence, if B # 0 also holds, (i, Ag) is a
pitchfork bifurcation point. Furthermore, if the extended system (2) is considered as
a mapping G:Z — Z with Z := B. X B, X R, then (uo, ho, ho) is an isolated solution
of eqn (2) if and only if (e, Ao) is a pitchfork bifurcation point.

An example of eqn (31) is § = -1, implying, G(—u, A\) = —G(u, \). Here B, =
{0}, B, = @B, and bifurcation occurs from the trivial solution branch (0, A), a situation
contained in the above theorem.

As a second example of symmetry breaking, consider the more concrete case where
G stands for an elliptic BVP involving u := u(r, 8), with r, 0 referring to polar coor-
dinates. Suppose there exists a symmetric branch C; of solutions (4, A) where u =
uo(r) € B,. We then look for points (uy, Ao) on C, where new branches C, of asymmetric
solutions u = u(r, 8) € B, intersect, for instance solutions of the type u = U(r, \)
cosn® + wuy, with uy — uo(r), U — 0 as A —» \q, n a positive integer. Although the
symmetry is different here from that in eqn (31), some conclusions of Theorem E still
hold. First, as symmetry breaking implies A = 0, it is sufficient to verify B 5 0. Theorem

E can then be applied, and the calculation of (i, Ao) proceeds as in the case of simple
limit points by solving the system

Gu,\) =0, G.u,Nh =0, l(h) =1. (32)

For pitchfork bifurcation points, the solution («, A, \) is isolated and vice versa. Note
that in eqn (32) u € B;, h € B,, that is, u = u(r), h = h(r, 8). The computational
procedures for solving eqn (32) have been discussed in Sections 5 and 6. With appro-
priate changes due to u € B, and 4 € B,, these procedures also apply to the computation
of symmetry-breaking bifurcation points.

9. APPLICATION TO SPHERICAL SHELL PROBLEMS

The computation of symmetry-breaking bifurcation points will now be illustrated by
the spherical shell buckling problem. Resuming the discussion of Section 2, consider
a clamped shallow spherical shell under axisymmetric normal load p(r). The basic
equations can be written in the dimensionless form [2]

. [8%f - pbg — Kif, gl - () =0
ORMRER oo A 43
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where

AF = fu 4 of, + oo, KLf, g1:= MIf, gl + NIf, g,

1 1
™M(f, gl := frr(gr + ;&’00) + grr(fr + ;foo),
SPNLF; g1 := *(Frgo + foga) = g = 5f
2 » 81 ; re8o 08rt r8ro 2 680,
Bo= zmz ?, m2 - “2(1 - v2)]l/2,

and u = (f, g)7, with f and g denoting dimensionless normal displacement (w) and
radial stress resultant (N,), respectively. H is the shell rise, ¢ the shell thickness, and
\ is the dimensionless load intensity, with | p(r) | = 1. The boundary conditions are

f=fr=0’ grr_v(gr+gﬂe)=0

atr = | (34)
8rrr + 8rr — &r + (v + 2)gr00 - (V + 3)g06 = 0.
The Fréchet derivative G,, computed from eqn (33), is
_ (A* - K[g,.], —-pA - K[f,]
Gu(u’ A-’ P') = (HA + K[f,.], Az (35)

In the following, we shall take G to include both eqns (33) and (34), but as the boundary
conditions are linear, the part of G given by eqn (34) remains unchanged in the cor-
responding part of G,. Obviously, we have from eqn (33)

G, = ("‘(’)(’)) and G, = 0. (36)

Setting h; = (fy, £1)7, b2 = (f2, g2)7, the second Fréchet derivative G,,, can be written
as

Guu(u’ A’ pv)hl ® h2 = (I;‘[?l[f};]gzl - K[fz’ gl]) (37)

The symmetry K[f, g] = K[g, f] has been used in the above calculations. As the
equations (33) are quadratic, we have G, (u, A, p) = 0.

Consider now a branch C; of axisymmetric solutions [f(r), g(r), A] of G(u, A, p) =
0, for fixed p. In this case, eqn (33) reduces to a pair of second order ODEs [2]. We
wish to find symmetry-breaking bifurcation points on C,. More precisely, we seek
nontrivial solutions h = (¢, ¥)7 satisfying G, (uo, Ao, »)h = 0 for some A = Ao, where
u = wo(r) = (f, g)7 and h = h,(r) cos 70, n a positive integer. This can be written
explicitly as

A%¢ — pAy — Klg, ¢] — K[f, 4] =0 (38)
A% + plAd + K[f, ¢] =0

in accordance with eqn (35), together with the boundary conditions (34) applied to ¢,
¢ instead of f, g. The K-operators in eqn (38) reduce as follows

Klg, ¢] = Mlg, ¢] = % [g" (¢r + %4’09) + g’(brr:la (39)
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and similarly for K{f, ¥] and K[f, ¢]. Writing & = &,(r) cos n8, b = $,(r) cos nd,
eqns (38) reduce to a pair of fourth order ODEs for ¢,, ., which are given below.
Suppose that eqn (38) and (36) (applied to ¢ and ) have a solution h® = (¢°, y°)” =
0 at (uo, Ao), then condition (d) is satisfied. Indeed, setting #° = [$%(r), V3()” cos n8],
we find

2%

1
(h°, GY) = L fo [=p(d2r) cos nb} rdrde = 0,

using eqn (36), and hence (uo, Ao) is a bifurcation point according to Definition 4. Next
we show that A = 0 of eqn (27) is satisfied. From eqn (37) we have

(K, GLOR) = [ [ (~2°K16%,47] + ¥PK14% °Drdrds
= L 21Tcos’ n6de L l<I>;(r) dr + j; 2ﬂcos ndsin®ndde L !d’z(r) dr=0 (40)

for some functions ®,, &, depending on ¢3(r), Y3(r), but whose form is immaterial.
Thus we have verified A = 0 for the type of symmetry breaking at hand. In Theorem
E, this comes out as a consequence of symmetry breaking, provided the symmetry S
is of the special form eqn (31) with @ = B, @ B,,. In the present case we may define

B, = By := {{f(n), g}, B. = B, := {{f(r) cos n8, g(r) cos n6}"}.
Thus we have G,(ug, Ao, p)h® € B,, but G..(uo, Ao, p)hoho € By @ Bs,. In order to

show that (ug, Ao) is a pitchfork bifurcation point, we need to verify B # 0 (Theorem
E). In view of eqn (36), this condition reduces to

% GLh®h') =0, Gh' = -GP, (h°%h') =0. 41
The equations for h' =: (¢', ¢')7 are,
a%¢' — Kig, ¢'] - pa¥' — KIf, ¥'] = p(1)
A% + KIf, ¢'] + pAd' =0
together with eqn (34), applied to ¢', Y'. It follows that h' = h{(r) + ah® € B, @ B,.

The last equation of eqn (41) shows that o = 0, since the integrand of (hi(r), h°(r, 6))
is of the form Y(r) cos n6. The first equation of eqn (31) yields

B = (h° GL.h° ®h) = J;zw cos® no do j: Wr)dr#0 (42)

where $(r) depends on ¢%, &3 and hi, which are not known in explicit form. However,
eqn (42) shows that B # 0 is possible and (uo, Ao} is then a pitchfork bifurcation point.
In the computational scheme below, eqn (42) must be verified numerically. We note
in passing that

C = (0", GLhi @ hf) = 0
implies the saddle-point nature of the ‘‘bifurcation equation’’ observed in other elastic
stability problems.

Returning to the computation of bifurcation points, we observe that in the extended
system eqn (2) G(u, h, \) can be considered as a mapping

G:By X By XR—>By X B, xR (43)
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where G(u, A\) = 0 represents the axisymmetric BVP (33), (34) given explicitly by eqn
(44) below, and G,(u, A)h = 0 is equivalent to eqn (38) and boundary conditions. It
follows that u € By, h € B, implies G, (u, M)h € B,. By the same argument as in the
proof of Theorem E it can be shown that a solution (uo, ho, Ao) of G(u, h, \) = 0 is
isolated if and only if (uy, Ao) is a pitchfork bifurcation point. Hence the numerical
verification of B # 0 is equivalent to quadratic convergence of the Newton method.
Following the numerical implementation given in Section 5, we write the extended
system in such a form that standard software for ODEs is directly applicable. Equations
(38) are reduced to a system of ODEs by separating the cos n6 part from h as in [2],
introducing dimensionless variables y, z, §, £. The result of these straightforward cal-
culations is the following BVP for the computation of symmetry-breaking pitchfork
bifurcation points for clamped spherical shells under arbitrary axisymmetric pressure:

Lf = —pg + NQW) + fg, Lg=pf -4 f (44)
0 =g0=0 f1)=g0+1-wvel=0
Ly =9, Liz=132, Ln:=d*dx® + (2n + 1)/x(d/dx)
L.y = —pi + (K.)f' + f2, K,:=dldx — n(n — 1ix (45)
L.t = pJ + (Ka2)g' — (KaY)f' + [82 = Y]

Ul

y (0 =20 =50 =20 =0, z)=201=0
¥ - A+ @) —n@r - Dy =0
F) + ng) — A+ v YD) + (n - Dy =0

g: =),2 + Zz +y"2 + Z“Z g(()) =0, &I =1 (46)
N =0

where

L = d?dx® + Bndldx, Q) = @x2) J; " p(s)s ds.

For computing starting values for y, z, ¥, £ at a regular point, X is given, so A" = 0 is
dropped from eqn (47), the term in the brackets of eqn (45) is replaced by [gZ — f¥
+ cland ¢’ = 0is added to the above system. The BVP eqns (44)—(46) for the unknowns
f. g, v, 9, 2 2 \and £ is of order 14.

Finally, we wish to obtain information on the stability of the asymmetric branch of
solutions, which is related to the imperfection sensitivity of the structure [18]. In Fig.
1, the branches labeled D and E are stable (n = 2) and unstable (n = 3), respectively.
According to the general theory [16], the locally nonsymmetric branch C. near a pitch-
fork bifurcation point (4o, Ao) can be represented in the form

u=u + app + v(a), A= Ao + &a)

ta) = —(D/6B)a® + o(a?), v(a) = ofa) (47)
D := gppa(0, 0) = (Yo, Ghuudododo + 3Gludow:)
w; := solution of Gow; = Gl.dodo, (Yo, wi) = 0.

Thus the sign of D/B decides on the stability of C,. It appears then that imperfection
sensitivity as introduced by Koiter [18] can be derived directly from the above rep-
resentation.
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For the spherical shell problem, D/3 reduces to (bo, Gi..dow,), the equations for w;
=: (V, W) arc, in vicw of cqns (35), (37) and (38),

AV — pAW - Klg, V] — KIf, W] = —2K[$, ] (48)
AW + wAV + KIf, o] = Kb, ¢]

together with eqn (34) applied to V and W. Since (¢, ¥) = h € B, and {$py, ;) = 0,
it follows that V and W have the form

A(r) + Ax(r) cos 2n0, i.e., w, € By @ B,,.

As in eqn (45), the BVP for V, W can be reduced to a system of ODEs by separation
of variables. The resulting equations are equivalent to those derived in earlier work on
imperfection sensitivity from Koiter's theory (see, for example [19]). We note that the
solution of the linear system (48) and the calculation of D is straightforward; more
details are found in [20].

10. NUMERICAL RESULTS

We present some examples from our calculations of simple and double axisymmetric
limit points and of simple asymmetric (pitchfork) bifurcation points using the extended
systems derived in the preceding sections. More extensive results for spherical caps
will be found in [20] for a variety of different loads and boundary conditions, including
some cases of nonuniform load, which have been discussed recently by Wan [21].

Table 1 shows examples of simple limit points for uniformly loaded shells, using the
system (10) applied to Reissner’s equations [13]. In contrast to the sketch of Fig. 2, a
most noteworthy observation is that only very few regular solution points on the axi-
symmetric p—v-curve need to be computed in order to extract sufficiently close starting
values for the extended system to converge to a limit point. Therefore, it becomes
possible to calculate symmetrical buckling loads much more precisely than in [1]. In
particular, only lower bounds for the buckling pressures p. = Ao/n? were given in [1]
for p = 100, because a precise location of p. presented considerable numerical diffi-
culties due to the near-singularity of the system G(u, ) = 0. With the present method,
no convergence difficulties were encountered in computing accurate values of p.. The
number of regular solutions calculated before the singular solution was obtained is
given in the tables. Clearly, more iterations in the solution of the extended system are
needed if the program *‘jumps from a large distance’’ directly into the limit point. For
a simply supported shell, p = 100, the lower bound given in [1} is 0.755, which is close
to the value 0.75797 of Table 1. For a clamped shell, u = 100, the lower bound in [1]
is 0.780, whereas the accurate value is 0.81425.

Table 1.
Clamped Regular solutions Simple limit points

edge A Ao Pe = holp? N

16 30, 60, 90, 120 146.81 0.57349 4

49 500, 1000, 1500 2554.3 * 1.06384 7

100 2000, 4000, 6000, 8000 8142.5 0.81425 3
Simple
support

M A Ao Pe = Molp? N

5 1,2,3 10.956 0.43825 4

10 20, 30, 40 48.996 0.48996 4

100 2000, 4000, 6000 7579.7 0.75797 8

N = number of Newton iterations to get Ao from last A (boldface).
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Table 2.
Regular solutions Double limit points
B A Ao ho N
Clamped 11 20, 40, 60 76.929 10.891 5
Simple support 5 25,5, 15 9.626 4.544 6
Free edge 14 5,10, 15 24,969 12.807 5
N = number of Newton iterations to get Ao from last A (boldface).
Table 3.
Clamped Nonsymmetric bifurcation points
edge Regular solutions Pn = Mo/p?
I A n=2 n=3 n=4 n=5 n=6 n=7
36 200, 400, 600 0.77326 0.82750 0.93175
49 400, 800, 1200 0.79326 0.75892 0.81139 0.90088
81 1500, 2500, 3500 0.84515 0.77679 0.77656 0.81580
100 2000, 4000, 6000 0.81263 0.77541 0.77935 0.81037

Table 2 shows examples of double limit points for shells under three different edge
conditions using the system (12): a clamped edge, a simply supported and a free edge.
For instance, starting with . = 14, free edge, and calculating only three regular points
at A = 5, 10 and 15, the solution of the extended system yields a double limit point at
Ao = 24.969, uo = 12.807 after 5 iterations. Hence buckling of spherical caps with free
edge disappears for p. < 12.807. For these transition values uo only very rough estimates
were given in [1], extrapolated from several p—v-curves calculated for a discrete set
of values of u near . Here the saving of computing time when employing the present
method is particularly striking.

Finally, we present some results for bifurcation points in Table 3. The observation
is again that only few regular points on the axisymmetric solution branch were computed
before switching to the solution of the extended system. In comparison to the computer
work in [2], the saving is quite remarkable. After Ao is obtained for one value of n, the
solution (u, h, Ao) can be taken as starting value for computing Ao forn + 1orn - 1.
The numerical values of Table 3 for the nonsymmetric buckling pressures Ao/u? are
generally in good agreement with those of [2], but they are more precise and much
simpler to compute.

From the experience gained with the calculations discussed above (and in [20]), we
may confidently conclude that stability problems of both shallow and nonshallow shells
of general shape can be accurately analyzed by the methods presented here. In par-
ticular, the extension to shells of revolution presents no difficulties at all.

Acknowledgement—This work was initiated during a visit at the University of British Columbia, Canada.
The author would like to thank Dr. Frederic Wan for the hospitality in Vancouver and for some interesting
technical discussions on shell stability problems.

REFERENCES

1. H. J. Weinitschke, On the stability problem of shallow spherical shells. J. Math. Phys. 38, 209-231
(1960).

2. H. J. Weinitschke, On asymmetric buckling of shallow spherical shells. J. Math. Phys. 44, 141-163
(1965).

3. M. G. Crandall and P. H. Rabinowitz, Bifurcation from simple eigenvalues. J. Funct. Anal. 8, 321-340
(1971). ]

4, M. G. Crandall and P. H. Rabinowitz, Bifurcation, perturbation of simple eigenvalue and linearized
stability. Arch. Rat. Mech. Anal. 52, 161-180 (1973).

5. 1. Stakgold, Branching of solutions of nonlinear equations. SIAM Rev. 13, 289-332 (1971). )

6. Sattinger, Topics in Stability and Bifurcation Theory. Lecture Notes in Mathematics 309. Springer, Berlin
(1973).

7. H.-D. Mittelmann and H. Weber, Numerical methods for bifurcation problems—a survey and classifi-
cation. In Bifurcation Problems and their Numerical Solution (Edited by Mitteimann and Weber). pp.
1-45. Birkhauser, Basel (1980).



Stability problems of elastic shells 95

. AL Spence and B. Werner, Non-simiple turning points and cusps. IMA J. Num. Anal. 2, 413-427 (1982).
. G. Moore and A. Spence, The calculation of turning points of nonlinear equations. SIAM J. Num. Anal.

17, 567-576 (1980).

. H. J. Weinitschke, A numerical method for solving bifurcation problems of nonlinear partial differential

equations. IAMS Tech. Report No. 80-18. University of British Columbia, Vancouver (1980).

. R. Seydel. Numerical computation of branch points in ordinary differential equations. Numer, Math.

32, 51-68 (1979).

. H. J. Weinitschke, Numerical computation of limit and bifurcation points. IAMS Tech. Report No. 83-

17, University of British Columbia, Vancouver (1983).

. E. Reissner, On axisymmetrical deformation of thin shells of revolution. Proc. Symp. Appl. Math. Vol.

11, pp. 27-52 (1950).

. E. Reissner, Finite symmetrical deflections of thin shells of revolution. Trans. ASME Series E, J. Appl.

Mech. 36, 267-270 (1969).

. U. Ascher, J. Christiansen and R. D. Russel, A collocation solver for mixed order systems of boundary

value problems. Math. Comp. 33, 659-679 (1978).

. F. Brezzi, T. Rappaz and P. A. Raviart, Finite dimensional approximation of nonlinear problems. Part

I: Branches of nonsingular solutions. Numer. Math. 36, 1-25 (1980). Part 11: Limit points. Numer. Math.
37, 1-28 (1980). Part 111: Simple bifurcation points. Numer. Math. 38, 1-30 (1980).

. B. Werner and A. Spence, The computation of symmetry-breaking bifurcation points. Preprint No. 83/

5. Universitat Hamburg. Institut fur Angewandte Mathematik (1983).

. W. T. Koiter, Aver de stabiliteit van hit elastisch evenwicht. Thesis, Delft, H. J. Paris, Amsterdam

(1945). English translation as NASA TTF-10 (1967).

. J. R. Fitch, The buckling and post-buckling behavior of spherical caps under concentrated load. Int. J.

Solids Struct. 4, 421-446 (1968).

. H.J. Weinitschke, Symmetric and asymmetric buckling of spherical shells under nonuniform load. IAMS

Tech. Report, University of British Columbia, Vancouver, to appear.

. F. Y. M. Wan, Shallow caps with a localized pressure distribution centered at the apex. IAMS Tech.

Report No. 79-44, University of British Columbia, Vancouver (1979, revised 1982).



